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Abstract In this paper, we introduce some new concepts to the field of probability theory: (k, s)-Riemann–
Liouville fractional expectation and variance functions. Some generalized integral inequalities are established
for (k, s)-Riemann–Liouville expectation and variance functions.
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1 Introduction
The integral inequalities play a very important role in the theory of differential equations and applied sciences.
Many researchers have carried out important studies on the theory of integral inequalities. Also, integral
inequalities have been used in probability theory for a long time and continue to attract the attention of
researchers. In [5], Barnett et al. have obtained some recent inequalities for cumulative distribution functions,
expectation, variance, and applications. In [14], Kumar has obtained some results based on the Korkine’s
identity and integral inequalities of Hölder and Grüss for moments of a continuous random variable whose
probability distribution is a convex function on the interval of real numbers. In addition, applications of these
results are considered by deriving the inequalities involving higher moments and also by special means and
also in evaluating moments of a beta random variable. In [15], Ostrowski type integral inequalities involving
moments of a continuous random variable defined on a finite interval, is established. Also, the author has
derived bounds for moments from these inequalities. Moreover, in [11], several inequalities for differentiable
convex, wright-convex and quasi-convex mappings have been obtained, respectively, that are connected with
the celebrated Hermite–Hadamard integral inequality. In the same paper, some error estimates for weighted
Trapezoid formula and higher moments of random variables have been given.More details and information can
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be seen in the papers [1–4,6,9,12,18]. Very recently, new concepts on fractional random variables have been
introduced by Dahmani [7]. In this study, Dahmani establishes several integral inequalities for the fractional
expectation and the fractional variance functions of a continuous random variable.
First, the Riemann–Liouville fractional integral of order α ≥ 0 for a continuous function f on [a, b] is
defined by





(t − τ)α−1 f (τ )dτ ; α ≥ 0, a ≤ t ≤ b.






dt2 . . .
∫ tn−1
a




(x − t)n−1 f (t)dt; n ∈ N∗.
The second is the Hadamard fractional integral introduced by Hadamard [10]. It is given by:













, α > 0, x > a.


























for n ∈ N∗.
In [13], Katugampola gave a new fractional integration which generalizes both the Riemann–Liouville







ts2dt2 . . .
∫ tn−1
a





(xs+1 − t s+1)n−1t s f (t)dt
which gives the following fractional version






t s+1 − τ s+1)α−1 τ s f (τ ) dτ, (1)
where α and s = −1 are real numbers.
In [8], Diaz and Pariguan have defined new functions called k-gamma and k-beta functions and the
Pochhammer k-symbol that is, respectively, generalization of the classical gamma and beta functions and
the classical Pochhammer symbol:
k(x) = lim
n−→∞
n!kn (nk) xk −1
(x)n,k
, (k > 0) ,
where (x)n,k is the Pochhammer k-symbol for factorial function. It has been shown that the Mellin transform
of the exponential function e− t
k






k dt, x > 0.
Clearly, (x) = limk→1 k(x) and k(x + k) = xk(x).
Later, under the above definitions, in [17], Mubeen and Habibullah have introduced k-fractional integral
of Riemann–Liouville as follows:
k J
α





(t − τ) αk −1 f (τ ) dτ. (2)
Note that when k = 1 in the above integral, then it reduces to the classical Riemann–Liouville fractional
integral.
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2 Preliminaries and definitions
In a recent paper [20], Sarikaya et al. have introduced a new fractional integration which generalizes both the
k- Riemann–Liouville and Katugampola’s fractional integrals into a single form as the following.
Definition 2.1 Let f be a continuous function on a the finite real interval [a, b]. Then the (k, s)-Riemann–




a [ f (t)] :=





t s+1 − τ s+1) αk −1 τ s f (τ ) dτ, τ ∈ [a, t] , (3)
where k > 0, s ∈ R\ {−1}.
Also, in [20], the following results can be seen.









] = sk Jα+βa f (t) = sk Jβa [sk Jαa f (t)] (4)
for all α, β > 0, t ∈ [a, b].






xs+1 − as+1) βk −1
]
= k(β)
(s + 1) αk k(α + β)
(
xs+1 − as+1) α+βk −1 ,
where k denotes the k-gamma function.
Next two theorems, Grüss type inequalities for (k, s)-Riemann–Liouville fractional integrals have been
obtained by Set et al. in [21].
Theorem 2.4 Let f and g be two integrable functions on [0,∞) with ϕ < f (t) < , ψ < g < 	 and let
















( − ϕ) (	 − ψ) . (5)
Theorem 2.5 Let f and g be two integrable function on [0,∞) with ϕ < f (t) < , ψ < g < 	 and let








a [p f g (t)] + sk Jβa [p(t)] sk Jαa [p f g (t)]
− sk Jαa [p f (t)] sk Jβa [pg (t)] − sk Jβa [p f (t)] sk Jαa [pg (t)]
}2
≤ {( sk Jαa [p(t)] − sk Jαa [p f (t)]) ( sk Jβa [p f (t)] − ϕ sk Jβa [p(t)])
+ ( sk Jαa [p f (t)] − ϕ sk Jαa [p(t)]) ( sk Jβa [p(t)] − sk Jβa [p f (t)])}
× {(	 sk Jαa [p(t)] − sk Jαa [pg(t)]) ( sk Jβa [pg(t)] − ψ sk Jβa [p(t)])
+ ( sk Jαa [pg(t)] − ψ sk Jαa [p(t)]) (	 sk Jβa [p(t)] − sk Jβa [pg(t)])} . (6)
In the following section, we introduce some new concepts for the Riemann–Liouville (k, s)-fractional
integral. Also, we give new integral inequalities for the (k, s)-fractional expectation and variance functions of
a continuous random variable X having the probability density function f .
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3 (k, s)-Riemann–Liouville fractional integral inequalities
Now, we give the following new definitions for (k, s)-fractional integral operators:
Definition 3.1 The (k, s)-fractional expectation function of order α ≥ 0, for a random variable X with a
positive probability density function f defined on [a, b] is defined as
s
k EX,α(t) := sk Jαa [t f (t)]






t s+1 − τ s+1) αk −1 τ s+1 f (τ ) dτ ;
α > 0, k > 0, s ∈ R\ {−1} and a < t ≤ b.
Likewise, we will define the (k, s)-fractional expectation function of X − E(X):
Definition 3.2 The (k, s)-fractional expectation function of order α > 0 for a random variable X − E(X)
with a positive probability density function f defined on [a, b] is defined as
s
k EX−E(X),α(t) := sk Jαa [(t − E (X)) f (t)]






t s+1 − τ s+1) αk −1 τ s(τ − E(X)) f (τ )dτ ;
α > 0, k > 0, s ∈ R\ {−1} and a < t ≤ b.
Definition 3.3 The (k, s)-fractional expectation of order α > 0 for a random variable X with a positive
probability density function f defined on [a, b] is defined as
s
k EX,α =





t s+1 − τ s+1) αk −1 τ s+1 f (τ )dτ ;
α > 0 and k > 0, s ∈ R\ {−1}.
With a similar logic, we introduce (k, s)-fractional variance function and variance as follows:
Definition 3.4 The (k, s)-fractional variance function of order α ≥ 0 for a random variable X with a positive




X,α(t) := sk Jαa
[
(t − E(X))2 f (t)]






t s+1 − τ s+1) αk −1 τ s (τ − E(X))2 f (τ )dτ ;
α > 0 and k > 0, s ∈ R\ {−1}.
Definition 3.5 The (k, s) fractional variance of orderα ≥ 0, for a randomvariable X with a positive probability










t s+1 − τ s+1) αk −1 τ s (τ − E(X))2 f (τ )dτ ;
α > 0 and k > 0, s ∈ R\ {−1}.
Let us give the following important properties:
(i) If we take s = 0 and k = 1 in Definitions 3.1 and 3.4, we obtain the functions of fractional expectation
and variance in [7], respectively.
(ii) If we take s = 0 and k = 1 in Definitions 3.3 and 3.5, we obtain Definitions 2.4 and 2.6 in [7], respectively.
3. If we take s = 0 and α = k = 1 in Definition 3.3, we obtain the classical expectation: sk EX,α = E (X).
4. If we take s = 0 and α = k = 1 in Definition 3.5, we obtain the classical variance: skσ 2X,α = σ 2 (X) =∫ b
a (τ − E(X))2 f (τ ) dτ .
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In this paper, we give new integral inequalities for the (k, s)-fractional expectation and variance functions
of a continuous random variable X having the probability density function (p.d. f.) f .
The first main result is the following theorem:
Theorem 3.6 Let X be a continuous random variable having a probability density function f defined on
[a, b]. Then, we have






















] − 2 ( sk Jαa [t])2
)
, (7)
where f ∈ L∞ [a, b].









) − ( sk EX−E(X),α(t))2 ≤ (t − a)2 ( sk Jαa [ f (t)])2 . (8)
Proof Let us define the following identity
H(τ, ρ) := (g(τ ) − g(ρ)) (h(τ ) − h(ρ)) ; τ, ρ ∈ (a, t) , a < t ≤ b. (9)
Taking a function p : [a, b] → R+, multiplying (9) by
(s + 1)1− αk
kk (α)
(
t s+1 − τ s+1) αk −1 τ s p(τ ); k > 0, s ∈ R\ {−1} , τ ∈ (a, t)
and integrating the resulting identity with respect to τ from a to t , we can state that





t s+1 − τ s+1) αk −1 τ s p(τ )H(τ, ρ)dτ
= sk Jαa [pgh(t)] − g(ρ) sk Jαa [ph(t)] − h(ρ) sk Jαa [pg(t)] + g(ρ)h(ρ) sk Jαa [p(t)] . (10)




t s+1 − ρs+1) αk −1 ρs p(ρ); k > 0, s ∈ R\ {−1} , ρ ∈ (a, t) and integrating
the resulting identity with respect to ρ from a to t , we can state that







t s+1 − τ s+1) αk −1 (t s+1 − ρs+1) αk −1 τ sρs p(τ )p(ρ)H(τ, ρ)dτdρ
= 2 ( sk Jαa [p(t)]) ( sk Jαa [pgh(t)]) − 2 sk Jαa [pg(t)] sk Jαa [ph(t)] . (11)
In (11), taking p(t) = f (t), g(t) = h(t) = t − E(X), t ∈ (a, b), we have







t s+1 − τ s+1) αk −1 (t s+1 − ρs+1) αk −1 τ sρs f (τ ) f (ρ) (τ − ρ)2 dτdρ
= 2 ( sk Jαa [ f (t)]) ( sk Jαa [ f (t) (t − E(X))2]) − 2 ( sk Jαa [ f (t) (t − E(X))])2 . (12)
On the other hand, we have







t s+1 − τ s+1) αk −1 (t s+1 − ρs+1) αk −1 τ sρs f (τ ) f (ρ) (τ − ρ)2 dτdρ
≤ ‖ f ‖2∞







t s+1 − τ s+1) αk −1 (t s+1 − ρs+1) αk −1 τ sρs (τ − ρ)2 dτdρ













]) − 2 (sk Jαa [t])2
)
. (13)
Thanks to (12) and (13), we obtain Part (i) of Theorem 3.6.
123
60 Arab. J. Math. (2017) 6:55–63
For Part (ii) of this theorem, we have







t s+1 − τ s+1) αk −1 (t s+1 − ρs+1) αk −1 τ sρs f (τ ) f (ρ) (τ − ρ)2 dτdρ
≤ sup
τ,ρ∈[a,t]
|τ − ρ|2 (sk Jαa [ f (t)])2 = (t − a)2 (sk Jαa [ f (t)])2 . (14)
Then, by (12) and (14), we get the desired inequality (8). 
unionsq
Remark 3.7 Applying Theorem 3.6, for s = 0 and k = 1, we obtain Theorem 3.1 in [7].
Also we give next theorem:
Theorem 3.8 Let X be a continuous random variable having a probability density function f defined on
[a, b]. Then we have:




















) − 2 ( sk EX−E(X),α(t)) ( sk EX−E(X),β(t))











]) + sk Jβa [1] ( sk Jαa [t2]) − 2 ( sk Jαa [ f (t)]) ( sk Jβa [ f (t)])) , (15)
where f ∈ L∞ [a, b].










+ ( sk Jβa [ f (t)]) ( skσ 2X,α(t)) − 2 ( sk EX−E(X),α(t)) ( sk EX−E(X),β(t))
≤ (t − a)2 ( sk Jαa [ f (t)]) ( sk Jβa [ f (t)]) . (16)
Proof Using the identity(9) in the proof of Theorem 3.6, it follows that







t s+1 − τ s+1) αk −1 (t s+1 − ρs+1) αk −1 τ sρs p(τ )p(ρ)H(τ, ρ)dτdρ
= ( sk Jαa [p(t)]) ( sk Jβa [pgh(t)]) + ( sk Jβa [p(t)]) ( sk Jαa [pgh(t)])
− ( sk Jαa [ph(t)]) ( sk Jβa [pg(t)]) − ( sk Jαa [ph(t)]) ( sk Jβa [pg(t)]) . (17)











t s+1 − τ s+1) αk −1 (t s+1 − ρs+1) βk −1 τ sρs f (τ ) f (ρ)H (τ, ρ) dτdρ
= ( sk Jαa [ f (t)]) ( sk Jβa [ f (t) (t − E(X))2]) + ( sk Jβa [ f (t)]) ( sk Jαa [ f (t) (t − E(X))2])












t s+1 − τ s+1) αk −1 (t s+1 − ρs+1) βk −1 τ sρs f (τ ) f (ρ) (τ − ρ)2 dτdρ










(t − τ) αk −1 (t − ρ)βk −1 τ sρs (τ − ρ)2 dτdρ











]) + sk Jβa [1] ( sk Jαa [t2]) − 2 ( sk Jαa [ f (t)]) ( sk Jβa [ f (t)])) . (19)
Thanks to (18) and (19), we obtain (i).
To prove (ii), we will use the fact that
sup
τ,ρ∈[a,t]
|τ − ρ|2 = (t − a)2 .
123








(t − τ) αk −1 (t − ρ)βk −1 p(τ )p(ρ)H(τ, ρ)dτdρ
≤ (t − a)2 (sk Jαa [ f (t)]) (sk Jβa [ f (t)]) . (20)
By (18) and (20), we get the desired inequality (16) which completes the proof. 
unionsq
Remark 3.9 Applying Theorem 3.8,
(1) for α = β, we obtain Theorem 3.6.
(2) for s = 0, k = 1, we obtain Theorem 3.2 in [7].
We also give the following result for Riemann–Liouville (k, s)-fractional integrals:
Theorem 3.10 Let X be a continuous random variable having a probability density function f : [a, b] → R.
Assume that there exist constants ϕ,  such that 0 ≤ ϕ ≤ f (t) ≤  ≤ 1 a.e t on [a, b]. Then for all α ≥ 0,













(b − a)2 ( sk Jαa [ f (t)])2 . (21)
Proof Thanks to (5), we can state that:








( − ϕ)2 . (22)
In (22), if we take p(t) = f (t), g(t) = t − E(X), t ∈ [a, b] and  = b − E (X), ϕ = a − E (X), we can
state the above inequality as follows:






a [ f (t)]
)2














(b − a)2 ( sk Jαa [ f (t)])2 . (24)
So, the theorem is proved. 
unionsq
Remark 3.11 Applying Theorem 3.10, for s = 0 and k = 1, we obtain Theorem 3.3 in [7].
Finally, the next inequality is hold.
Theorem 3.12 Let X be a continuous random variable having a probability density function f : [a, b] → R.
Assume that there exist constants ϕ,  such that 0 ≤ ϕ ≤ f (t) ≤  ≤ 1 a.e t on [a, b], then for all α ≥ 0,








X,β(t) + sk Jβa [ f (t)] skσ 2X,α(t) + 2 (a − E (X)) (b − E (X)) sk Jαa [ f (t)] sk Jβa [ f (t)]
≤ (a + b − 2E (X)) (sk Jαa [ f (t)] sk EX−E(X),β(t) + sk Jβa [ f (t)] sk EX−E(X),α(t)) . (25)











] + sk Jβa [p(t)]sk Jαa [pg2(t)] − 2 sk Jαa [pg(t)] sk Jβa [pg(t)]]2
≤ [( sk Jαa [p(t)] − sk Jαa [pg(t)]) ( sk Jβa [pg(t)] − ϕ sk Jβa [p(t)])
+ ( sk Jαa [pg(t)] − ϕ sk Jαa [p(t)]) ( sk Jβa [p(t)] − sk Jβa [pg(t)])]2 . (26)
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f (t) (t − E(X))2] + sk Jβa [ f (t)] sk Jαa [p(t) (t − E(X))2]
− 2 sk Jαa [ f (t) (t − E(X))] sk Jβa [ f (t) (t − E(X))]
]2
≤ [( sk Jαa [ f (t)] − sk Jαa [ f (t) (t − E(X))]) ( sk Jβa [ f (t) (t − E(X))] − ϕ sk Jβa [ f (t)])
+ ( sk Jαa [ f (t) (t − E(X))] − ϕ sk Jαa [ f (t)]) ( sk Jβa [ f (t)] − sk Jβa [ f (t) (t − E(X))])]2 . (27)










f (t) (t − E(X))2] + sk Jβa [ f (t)]sk Jαa [ f (t) (t − E(X))2]
− 2 sk Jαa [ f (t) (t − E(X))] sk Jβa [ f (t) (t − E(X))]
≤ ( sk Jαa [ f (t)] − sk Jαa [ f (t) (t − E(X))]) ( sk Jβa [ f (t) (t − E(X))] − ϕ sk Jβa [ f (t)])
+ ( sk Jαa [ f (t) (t − E(X))] − ϕ sk Jαa [ f (t)]) ( sk Jβa [ f (t)] − sk Jβa [ f (t) (t − E(X))]) . (28)










f (t) (t − E(X))2] + sk Jβa [ f (t)] sk Jαa [ f (t) (t − E(X))2]
≤  (sk Jαa [ f (t)] sk EX−E(X),β(t) + sk Jβa [ f (t)] sk EX−E(X),α(t))
× ϕ (sk Jαa [ f (t)] sk EX−E(X),β(t) + sk Jβa [ f (t)] sk EX−E(X),α(t)) − 2ϕ sk Jαa [ f (t)] sk Jβa [ f (t)] . (29)
In (29), If  = b − E (X), ϕ = a − E (X) are taken, we get the desired inequality (25). 
unionsq
Remark 3.13 Applying Theorem 3.12, for s = 0 and k = 1, we obtain Theorem 3.4 in [7].
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